Summary. In this paper we consider the problem of studying the gap between bounds of risk measures of sums of non-independent random variables. Owing to the choice of the context of where to set the problem, namely that of distortion risk measures, we first deduce an explicit formula for the risk measure of a discrete risk by referring to its writing as sum of layers. Then, we examine the case of sums of discrete risks with identical distribution. Upper and lower bounds for risk measures of sums of risks are presented in the case of concave distortion functions. Finally, the attention is devoted to the analysis of the gap between risk measures of upper and lower bounds, with the aim of optimizing it.
Introduction
Recently in actuarial literature, the study of the impact of dependence among risks has become a major and flourishing topic: even if in traditional risk theory, individual risks have usually been assumed to be independent, this assumption is very convenient for tractability but it is not generally realistic. Think for example of the aggregate claim amount in which any random variable represents the individual claim size of an insurer's risk portfolio. When the risk is represented by residential dwellings exposed to danger of an earthquake in a given location or by adjoining buildings in fire insurance, it is unrealistic to state that individual risks are not correlated, because they are subject to the same claim causing mechanism. Several notions of dependence were introduced in the literature to model the fact that larger values of one of the components of a multivariate risk tend to be associated with larger values of the others. In financial or actuarial situations one often encounters random variables of A. Campana and P. Ferretti the type
where the terms X i are not mutually independent and the multivariate distribution function of the random vector X = (X 1 , X 2 , . . . , X n ) is not completely specified but one only knows the marginal distribution functions of the risks. To be able to make decisions, in such cases it may be helpful to determine approximations for the distribution of S, namely upper and lower bounds for risk measures of the sum of risks S in such a way that it is possible to consider a riskiest portfolio and a safest portfolio, where riskiness and safety are both evaluated in terms of risk measures.
With the aim of studying the gap between the riskiest and the safest portfolio, the present contribution addresses the analysis to a particular class of risk measures, namely that of distortion risk measures introduced by Wang [W96]. In this class, the risk measure of a non-negative real valued random variable X is written in the following way: Given the choice of this context, it is possible to write an explicit formula for the risk measure of a discrete risk by referring to its writing as sum of layers (Campana and Ferretti [CF05] ). Starting from this result, the attention is therefore devoted to the study of bounds of sums of risks in the case of discrete identically distributed random variables. Now the key role is played by the choice of the framework where to set the study: by referring to concave distortion risk measures, in fact, it is possible to characterize the riskiest portfolio where the multivariate distribution refers to mutually comonotonic risks and the safest portfolio where the multivariate distribution is that of mutually exclusive risks. Again, starting from the representation of risks as sums of layers, it is possible to derive explicit formulas for risk measures of upper and lower bounds of sums of risks. The attention is then devoted to the study of the difference between risk measures of upper and lower bounds, with the aim of obtaining some information on random variables for which the gap is maximum or minimum.
The paper is organized as follows. In Section 2, we first review some basic settings for describing the problem of measuring a risk and we recall some definitions and preliminary results in the field of distortion risk measures. We then propose the study of the case of a discrete risk with finitely many mass points in such a way that it is possible to give an explicit formula for its distortion risk measure. Section 3 is devoted to the problem of detecting upper and lower bounds for sums of not mutually independent risks. We present the study of the case of sums of discrete and identically distributed risks in order to obtain upper and lower bounds for concave distortion measures of aggregate claims of the portfolio. Then in Section 4 the attention is focused on the problem of characterizing risks for which the gap between
